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Abstract: We elaborate on the radiative behaviour of tree-level scattering amplitudes in the soft regime.
We show that the sub-leading soft term in single-gluon emission of quark-gluon amplitudes in QCD is
controlled by differential operators, whose universal form can be derived from both on-shell recursion
relation and gauge invariance, as it was shown to hold for graviton- and gluon-scattering.
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1 Introduction
Soft emission of massless gauge bosons is a source of infrared singularities for scattering amplitudes. The
behaviour of a radiative cross-section in the soft regime, when the momentum of the emitted particle
becomes evanescent, is governed by the non-radiative process, perturbed by the action of operators that
depend on the quantum numbers of the emitter, whose universal form is dictated by gauge invariance.
At the tree-level, for photon-, or similarly gluon-emission, as well as for graviton-emission, the leading
term in the momentum-expansion of a radiative amplitude are controlled by soft factors whose shape
was identified a long ago [1, 2]. A recent study of Cachazo and Strominger about graviton amplitudes [3],
followed by a similar analysis applied to gluon-scattering by Casali [4], pointed to the existence of differential
operators that control the subleading behaviour. Within the spinor formalism, the form of these operators
can be easily derived by taking the soft-limit of the on-shell recursive construction of the amplitude [5, 6].
Alternatively, by following the proof of Low’s theorem [1], it is possible to show that the subleading-soft
operators depend on the total angular momentum (orbital and spin) of the radiator, as explicitly shown
for gluon- and graviton-amplitudes by Bern, Davies, Di Vecchia, and Nohle [7]. The universality character
of the subleading soft operators, also in the case of fermionic emitter, was shown by White [8], employing
a set of effective Feynman rules [9].
All these recent results, in accordance to Low’s theorem show that subleading soft terms are controlled
by the total angular momentum of the emitter and arise from internal- and external-line emissions. While
both carry informations on the orbital momentum, only the latter contain information on the spin.
The emergence of subleading soft theorems was confirmed to hold in arbitrary dimensions for tree-
amplitudes of gluon and gravitons [10, 11], and the study of their modification due higher-order corrections
has been carried out in [12, 13]. The recent interest on the study of the low-energy behaviour of scattering
amplitudes has been stimulating further investigation on how the universality of the soft expansion can be
connected to additional symmetries of the S-matrix [14–17].
In this article, we elaborate on the soft behaviour of single-gluon radiation from QCD amplitudes of
two quarks and gluons. Upon colour decomposition [18], one can identify two situations according to the
position of the soft gluon in the colourless ordered subamplitude: i) between a (anti-)quark and a gluon,
and ii) between two gluons. Case (ii) is similar to the pure Yang-Mills (YM) case, where the emitter is
necessarily a gluon, and it can be considered well studied [4, 7]. In case (i), instead, the soft gluon can be
radiated either from a gluon or from a (anti-)quark. In order to derive the soft behaviour from fermion
emitters, we analyse the paradigmatic case of photon bremsstrahlung from the quark-line in QED. For this
case, we show the equivalence of the soft operators derived from gauge invariance and from the on-shell
construction. This result can be, then, easily extended to the quark-gluon amplitudes in QCD.
Our derivation of the soft behaviour of quark-gluon scattering can be considered complementary to
the study of subleading soft behaviour of bosonic amplitudes for graviton and YM amplitudes, which were
addressed with similar techniques [3, 4, 7]. Making use of no effective Feynman rule, the proof herby given
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can be considered as an alternative to the derivation proposed in [19]. Differently from the the bosonic
cases, where the spin operators, being written in terms of the metric tensor, can be easily disentangled
from the non-radiative amplitude, the terms from the anomalous magnetic moment require a more careful
treatment.
We explicitly apply the soft operators to describe the low-energy behaviour of quark-gluon amplitudes,
emitting either a photon or a gluon, for non-trivial helicity configurations of six-parton scattering.
The paper is organised as follows. In Section 2 we recall the derivation of the subleading soft terms
for pure Yang-Mills amplitudes by means of on-shell recursive construction, and its link to Low’s theorem.
In Section 3, we apply both on-shell methods and gauge invariance to derive the soft behaviour for photon
bremsstrahlung from quark-gluon amplitudes. Section 4 contains the proof of the subleading soft theorem
for QCD amplitudes. The last two sections are both accompanied by explicit examples. The calculations
have been performed by using the Mathematica package S@M [20], implementing the spinor formalism.
2 Soft limit of gluon-amplitudes
1
s
n− 1
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Figure 1. Soft-gluon behaviour of pure-gluon amplitudes
According to little group transformation, the scaling behaviour of tree-level scattering amplitudes
involving massless particles is given by,
A({tλi, t−1λ˜i, hi}) = t−2hiA({λi, λ˜i, hi}), (2.1)
where hi is the helicity of particle i, and λi and λ˜i are the (holomorphic and anti-holomorphic) spinors
associated to its massless momentum kiαα˙ = λiαλ˜ia˙. Let us consider the n-gluon amplitude An, with the
gluon s as soft, and momentum ks defined as ksαα˙ = ǫλsαλ˜sa˙, where ǫ parametrise the energy loss. The
corresponding amplitude transforms as
An({
√
ǫλs,
√
ǫλ˜s,+1}) = ǫAn({ǫλs, λ˜s,+1}). (2.2)
With this choice, the soft limit is realised through the holomorphic limit ǫλs → 0, while keeping the
anti-holomorphic one λ˜s as finite [3, 4].
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The low-energy behaviour derived from the BCFW construction [5, 6] shows that the colour-ordered
amplitude in the soft-limit reads [4],
An ({ǫ |s〉 , |s]} , {|1〉 , |1]} , . . . , {|n− 1〉 , |n− 1]}) =
(
1
ǫ2
S
(0)λ
G +
1
ǫ
S
(1)λ
G
)
An (1, . . . , n − 1) +O
(
ǫ0
)
(2.3)
were the leading and the sub-leading terms are,
S
(0)λ
G =
〈n− 1, 1〉
〈s, 1〉 〈n− 1, s〉 , (2.4)
S
(1)λ
G =
1
〈s, 1〉 λ˜
α˙
s
∂
∂λ˜α˙1
+
1
〈n− 1, s〉 λ˜
α˙
s
∂
∂λ˜α˙n−1
. (2.5)
As shown in [7], on-shell gauge invariance can be used as well to determine the next-to-leading soft
behaviour of non-Abelian gauge theory. The color-ordered (polarisation-stripped) amplitude takes contri-
bution from the three types of diagrams shown in fig. 1. Diagrams (a) and (b) contribute to the leading pole
term in the soft regime, while the third structure, with the soft-gluon emitted from an internal propagator,
is regular in this limit. By using the on-shell gauge invariance, one obtain the soft behaviour,
An(ks; k1, . . . , kn−1) =
[
S
(0)
G + S
(1)
G
]
An−1(k1, . . . , kn−1) +O(ks) , (2.6)
with
S
(0)
G ≡
k1 · ε(ks; rs)√
2(k1 · ks)
− kn−1 · ε(ks; rs)√
2(kn−1 · ks)
, (2.7)
S
(1)
G ≡ −iεµ(ks; rs)ksσ
(
JµσG1√
2(k1 · ks)
− J
µσ
Gn−1√
2(kn−1 · ks)
)
, (2.8)
where J is the total angular momentum of the emitter, written in terms of the orbital momentum L and
spin Σ,
JµσGi ≡ LµσGi +ΣµσGi ,
LµσGi ≡ i
(
kµi
∂
∂kiσ
− kσi
∂
∂kiµ
)
,
ΣµσGi ≡ i
(
εµi
∂
∂εiσ
− εσi
∂
∂εiµ
)
. (2.9)
In the derivation of this result [7], LµσGi is understood not to act on explicit polarisation vectors, i.e.
LµσGiε
ν
i = 0.
As discussed in [7], the equivalence between the operators S
(1)
G , derived from gauge invariance, and
S
(1)λ
G , derived from on-shell recurrence, can be seen through their explicit action on polarisation vectors. In
fact, the next-to-soft operators S
(1)
G and S
(1)λ
G acting on ε
±ρ (k1; r1) with reference momentum kr1 (similarly
for ε±ρ (kn−1; rn−1)) amount to,
S
(1)
G ε
+ρ(k1; r1) = − 〈r1, s〉〈r1, 1〉 〈1, s〉ε
+ρ(ks; r1), (2.10)
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Figure 2. Soft-photon behaviour of quark-gluon amplitudes
S
(1)
G ε
−ρ(k1; r1) = +
[r1, s]
[r1, 1] [1, s]
ε+ρ(ks; r1) , (2.11)
and
S
(1)λ
G ε
+ρ(k1; r1) = − 〈r1, s〉〈r1, 1〉 〈1, s〉ε
+ρ(ks; r1), (2.12)
S
(1)λ
G ε
−ρ(k1; r1) = +
[r1, s]
[r1, 1] [1, s]
[
ε+ρ(ks; r1)−
√
2 [r1, s]
[r1, 1] 〈1, s〉k
ρ
1
]
. (2.13)
The second term in the last equation is proportional to kρ1 , and vanishes after contracting it with the
polarisation stripped (n − 1)-point amplitude, due to Ward identity. Therefore, the next-to-leading soft
(differential) operators obtained in the two framework are completely equivalent.
3 Photon bremsstrahlung from quark-gluon amplitudes
Before turning our discussion to the soft gluon emission from quark-gluon amplitudes, we derive the low-
energy behaviour of photon emission from colour ordered quark-gluon tree-level amplitudes. Since the
gluon radiation from gluon emitter has been studied [4, 7], one needs to consider only the radiation from
the fermion-line. In order to isolate only this contribution, instead of considering the gluon emission, we
consider the radiation of a photon from the quark-line of a quark-gluon amplitude.
We discuss the derivation of the leading and next-to-leading soft terms from both on-shell recurrence
and gauge invariance approaches, and proof the equivalence of the respective results.
3.1 Derivation from on-shell recursion relation
We consider a color-ordered amplitude An+3(Λq¯, γ
+
s ,Λq, g1, · · · , gn), where Λq and Λq¯ denote the quark and
antiquark, and γ+s stands for a soft photon of helicity hs = +1, emitted from the fermionic current. The
explicit helicity choice of the photon does not affect the generality of our derivation, since the negative-
helicity case can be treated analogously. Under the BCFW deformation involving γs and gn pair [21]
|ŝ〉 = |s〉+ z |n〉 , (3.1)
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|n̂] = |n]− z |s] , (3.2)
the amplitude factorises as,
An+3
(
Λq¯, γ
+
s ,Λq, g1, · · · , gn
)
=
∑
AL
(
γ̂+s ,Λq, Î
) 1
P 2s,q
AR
(
−Î, g1, . . . , ĝn,Λq¯
)
+
∑
AL
(
Λq¯, γ̂
+
s , Î
) 1
P 2q¯,s
AR
(
−Î ,Λq, g1 . . . , ĝn
)
+
∑
AL
(
Λq¯, γ̂
+
s ,Λq, g1, . . . , gj , Î
) 1
P 2q¯,s,q,1,...,j
AR
(
−Î, gj+1, . . . , ĝn
)
,
(3.3)
as depicted in fig. 2. In the first term, on-shellness requires z = − 〈q,s〉〈q,n〉 , and Î stands for a fermion with
opposite helicity with respect to q. By taking the soft limit, |s〉 → ǫ|s〉, this terms reads
1
ǫ2
〈n, q〉
〈n, s〉 〈s, q〉 ×An+2
(
{|q〉, |q] + ǫ 〈n, s〉〈n, q〉 |s]}, {|1〉, |1]}, . . . , {|n〉, |n] + ǫ
〈s, q〉
〈n, q〉 |s]}, {|q¯〉, |q¯]}
)
=
[
1
ǫ2
〈n, q〉
〈n, s〉 〈s, q〉 +
1
ǫ
(
1
〈s, q〉 λ˜
a˙
s
∂
∂λ˜a˙q
+
1
〈n, s〉 λ˜
a˙
s
∂
∂λ˜a˙n
)]
An+2 ({|q〉, |q]}, {|1〉, |1]}, . . . , {|n〉, |n]}, {|q¯〉, |q¯]}) .
(3.4)
In the second term of (3.3), the on-shell condition implies z = − 〈q¯,s〉〈q¯,n〉 , and Î stands for a fermion with
opposite helicity with respect to q¯. In the soft limit, |s〉 → ǫ|s〉, this term becomes
− 1
ǫ2
〈n, q¯〉
〈n, s〉 〈s, q¯〉 ×An+2
(
{|q¯〉, |q¯] + ǫ 〈n, s〉〈n, q¯〉 |s]}, {|q〉, |q]}, {|1〉, |1]}, . . . , {|n〉, |n] + ǫ
〈s, q〉
〈n, q〉 |s]}
)
= −
[
1
ǫ2
〈n, q¯〉
〈n, s〉 〈s, q¯〉 +
1
ǫ
(
1
〈s, q¯〉 λ˜
a˙
s
∂
∂λ˜a˙q¯
+
1
〈n, s〉 λ˜
a˙
s
∂
∂λ˜a˙n
)]
An+2 ({|q¯〉, |q¯]}, {|q〉, |q]}, {|1〉, |1]}, . . . , {|n〉, |n]}) .
(3.5)
As shown in Appendix A, the third term of (3.3) contains only finite contribution, hence does not contribute
to any soft operator. After summing the first and second term together, the amplitude in the soft regime
reads,
An+3
(
Λq¯, γ
+
s ,Λq, g1, · · · , gn
)
=
(
1
ǫ2
S(0)λ +
1
ǫ
S(1)λ
)
An+2 (Λq¯,Λq, g1, · · · , gn) +O(1) , (3.6)
with
S(0)λ =
〈n, q〉
〈n, s〉 〈s, q〉 −
〈n, q¯〉
〈n, s〉 〈s, q¯〉 =
〈q¯, q〉
〈q¯, s〉 〈s, q〉 , (3.7)
S(1)λ =
1
〈s, q〉 λ˜
a˙
s
∂
∂λ˜a˙q
− 1〈s, q¯〉 λ˜
a˙
s
∂
∂λ˜a˙q¯
, (3.8)
and where An+2 is the non radiative quark-gluon amplitude.
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3.2 Derivation from gauge invariance
Within a diagrammatic approach, the amplitude A (Λq¯, γ
+
s ,Λq, g1, · · · , gn) gets contribution from the three
diagrams in fig. 2, and can be obtained by contracting the soft-photon polarisation εµ(ks; rs) and the
current Aµn+3,
An+3 = εµ(ks; rs) A
µ
n+3 , (3.9)
with
Aµn+3 (ks; kq¯, kq, k1, . . . , kn) = −
i√
2
u(kq)A˜(kq¯ + ks, kq, k1, . . . , kn)
i
(
/kq¯ + /ks
)
(kq¯ + ks)2
γµv(kq¯)
+
i√
2
u(kq)γ
µ
i
(
/kq + /ks
)
(kq + ks)2
A˜(kq¯, kq + ks, k1, . . . , kn)v(kq¯)
+Nµn+3(ks; kq¯, kq, k1, . . . , kn) . (3.10)
The first term, corresponding to fig. 2 (a), represents the case of soft-photon emission from an outgoing
antiquark; the second term, corresponding to fig. 2 (a), represents the case of soft-photon emission from
an outgoing quark; while the third term Nµn+3 represents the case of soft-photon emission from internal
fermion lines, as shown in fig. 2 (c). A˜ is the internal part sandwiched by two free-particle states of fermions.
By using the anti-commuting γ-matrix relations, the massless Dirac equation, u(p) /p = /p v(p) = 0, the
transversality conditions, ks · ε±(ks; rs) = 0 and the relation γµ/p = pν(ηµν + [γµ, γν ]/2) (for an arbitrary
momentum p), the current Aµn+3 can be cast as,
Aµn+3 (ks; kq¯, kq, k1, . . . , kn) =
kµq¯√
2kq¯ · ks
u(kq)A˜(kq¯ + ks, kq, k1, . . . , kn)v(kq¯)
+
i ksν√
2kq¯ · ks
u(kq)A˜(kq¯ + ks, kq, k1, . . . , kn)Σ
µν
F v(kq¯)
− k
µ
q√
2kq · ks
u(kq)A˜(kq¯, kq + ks, k1, . . . , kn)v(kq¯)
+
i ksν√
2kq · ks
u(kq)Σ
µν
F A˜(kq¯, kq + ks, k1, . . . , kn)v(kq¯)
+Nµn+3(ks; kq¯, kq, k1, . . . , kn) , (3.11)
where
ΣµνF ≡
i
4
[γµ, γν ] (3.12)
is the spin operator in a 4-dimensional representation of the Lorentz algebra corresponding to spin 1/2.
Following [1, 7], we can determine Nµ by imposing gauge invariance. In fact, the condition
ks µA
µ
n+3(ks; kq¯, kq, k1, . . . , kn) = 0 , (3.13)
– 7 –
together with on-shell massless condition k2s = 0, implies
ks µN
µ
n+3(0; kq, kq¯, k1, . . . , kn)
= −ks µ√
2
u(kq)
[
∂
∂kq¯µ
A˜(kq¯, kq, k1, . . . , kn)− ∂
∂kqµ
A˜(kq¯, kq, k1, . . . , kn)
]
v(kq¯) . (3.14)
Consequently, we can write Aµn+3 as,
Aµn+3(ks; kq¯, kq, k1, . . . , kn) =
(
kµq¯√
2kq¯ · ks
− k
µ
q√
2kq · ks
)
u(kq)A˜(kq¯, kq, k1, . . . , kn)v(kq¯)
+
i ksν√
2kq¯ · ks
u(kq)A˜(kq¯, kq, k1, . . . , kn)Σ
µν
F v(kq¯)
+
i ksν√
2kq · ks
u(kq)Σ
µν
F A˜(kq¯, kq, k1, . . . , kn)v(kq¯)
− i ks ν√
2kq¯ · ks
u(kq)
[
i
(
kµq¯
∂
∂kq¯ν
− kνq¯
∂
∂kq¯µ
)
A˜(kq¯, kq, k1, . . . , kn)
]
v(kq¯)
+
i ks ν√
2kq · ks
u(kq)
[
i
(
kµq
∂
∂kqν
− kνq
∂
∂kqµ
)
A˜(kq¯, kq, k1, . . . , kn)
]
v(kq¯)
+O (ks) . (3.15)
Then, we contract back the polarisation vector of the soft-photon ε+µ (ks; rs), obtaining the following ex-
pression of the amplitude,
An+3(ks; kq¯, kq, k1, . . . , kn) =
(
ε+(ks; rs) · kq¯√
2kq¯ · ks
− ε
+(ks; rs) · kq√
2kq · ks
)
An+2(ks; kq¯, kq, k1, . . . , kn)
+
i ε+µ (ks; rs) ksν√
2kq¯ · ks
u(kq)A˜(kq¯, kq, k1, . . . , kn)Σ
µν
F v(kq¯)
+
i ε+µ (ks; rs) ksν√
2kq · ks
u(kq)Σ
µν
F A˜(kq¯, kq, k1, . . . , kn)v(kq¯)
− i ε
+
µ (ks; rs) ks ν√
2
u(kq)
[(
Lµνq¯
kq¯ · ks −
Lµνq
kq · ks
)
A˜(kq¯, kq, k1, . . . , kn)
]
v(kq¯)
+O (ks) , (3.16)
with An+2(ks; kq¯, kq, k1, . . . , kn) = u(kq)A˜(kq¯, kq, k1, . . . , kn)v(kq¯) being the lower-point, non-radiative am-
plitude. In the above expression,
Lµνfi = i
(
kµi
∂
∂kiν
− kνi
∂
∂kiµ
)
, (3.17)
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is the orbital angular momentum of fermion i, which does not act on Dirac fields of incoming/outgoing
spin 1/2 particles, namely
Lµνfi u±(ki) = L
µν
fi
v±(ki) = u±(ki)L
µν
fi
= v±(ki)L
µν
fi
= 0 . (3.18)
On the other hand, the Lorentz generators ΣµνF of spin 1/2 only act on the Dirac fields u±(ki) or v±(ki)
(u±(ki) or v±(ki)).
3.3 Connection between the two derivations
We will momentarily proof the equivalence of the limiting behaviour of quark-gluon amplitudes in the soft-
photon emission regime obtained in (3.6) from BCFW recurrence, and in (3.16) from gauge invariance.
A. Leading soft singularity
The leading singularity factor of order 1/ks in (3.16) can be denoted as
S(0) =
ε+(ks; rs) · kq¯√
2kq¯ · ks
− ε
+(ks; rs) · kq√
2kq · ks
. (3.19)
In spinorial notations, we indeed find,
S(0) =
ε+(ks; rs) · kq¯√
2kq¯ · ks
− ε
+(ks; rs) · kq√
2kq · ks
=
〈q, q¯〉
〈q¯, s〉 〈s, q〉 = −S
(0)λ , (3.20)
where S(0)λ was defined (3.7). This prove the equivalence of the leading soft term in the two approaches
(up to an overall sign)
B. Next-to-leading soft singularity
The action of the differential operator S(1)λ, defined in (3.8), on the lower-point amplitude An+2(q¯, q, g1 . . . , gn)
can be written as,
S(1)λAn+2(q¯, q, g1 . . . , gn) = S
(1)λ
[
u(kq)A˜(kq¯, kq, k1, . . . , kn) v(kq¯)
]
= u(kq)A˜(kq¯, kq, k1, . . . , kn)
[
S(1)λ v(kq¯)
]
+
[
S(1)λu(kq)
]
A˜(kq¯, kq, k1, . . . , kn) v(kq¯)
+ u(kq)
[
S(1)λ A˜(kq¯, kq, k1, . . . , kn)
]
v(kq¯) . (3.21)
On the other hand, the next-to-leading soft singularity as derived in sec. 3.2 is
An+3(ks; kq¯, kq, k1, . . . , kn)
∣∣
S(1)
=
i ε+µ (ks; rs) ksν√
2kq¯ · ks
u(kq)A˜(kq¯, kq, k1, . . . , kn)Σ
µν
F v(kq¯)
+
i ε+µ (ks; rs) ksν√
2kq · ks
u(kq)Σ
µν
F A˜(kq¯, kq, k1, . . . , kn)v(kq¯)
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− iε
+
µ (ks; rs) ks ν√
2
u(kq)
[(
Lµνq¯
kq¯ · ks −
Lµνq
kq · ks
)
A˜(kq¯, kq, k1, . . . , kn)
]
v(kq¯) .
(3.22)
We proceed by identifying (3.21) and (3.22) term by term.
• Proposition 1:
S(1)λ v(kq¯) = −
[
i ε+µ (ks; rs) ksν√
2kq¯ · ks
Σµν v(kq¯)
]
. (3.23)
proof.
Outgoing antiquark with different helicities in terms of spinor notations are
hq¯ = +
1
2
, v+(kq¯) = λ˜
α˙
q¯ = |q¯] , (3.24)
hq¯ = −1
2
, v−(kq¯) = (λq¯)α = |q¯〉 . (3.25)
For hq¯ = +
1
2 case, the action of next-to-soft operator on field v+(kq¯) corresponding to the first term
in (3.21) is
S(1)λ v+(kq¯) =
(
1
〈s, q〉 λ˜
a˙
s
∂
∂λ˜a˙q
− 1〈s, q¯〉 λ˜
a˙
s
∂
∂λ˜a˙q¯
)
λ˜b˙q¯ = −
1
〈s, q¯〉 |s] , (3.26)
and the counter-part from (3.22) in terms of spinor notations is
i ε+µ (ks; rs) ksν√
2kq¯ · ks
ΣµνF v+(kq¯) = +
1
〈s, q¯〉 |s] . (3.27)
The result of (3.26) and (3.27) differ only for a minus sign.
On the other side, for hq¯ = −12 case
S(1)λ v−(kq¯) =
i ε+µ (ks; rs) ksν√
2kq¯ · ks
Σµν v−(kq¯) = 0 . (3.28)
• Proposition 2:
S(1)λ u(kq) = −
[
u(kq)
i ε+µ (ks; rs) ksν√
2kq · ks
ΣµνF
]
. (3.29)
proof.
Outgoing quark with different helicities in terms of spinor notations are
h = +
1
2
, u+(kq) = (λ˜q)a˙ = [q¯| , (3.30)
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h = −1
2
, u−(kq) = λaq = 〈q| . (3.31)
With a similar procedure dealing with outgoing antiquark, we have
S(1)λ u+(kq) = +
1
〈s, q〉 [s| = −
(
u+(kq)
i ε+µ (ks; rs) ksν√
2kq · ks
ΣµνF
)
, (3.32)
and
S(1)λ u−(kq) = u−(kq)
i ε+µ (ks; rs) ksν√
2kq · ks
ΣµνF = 0 . (3.33)
• Proposition 3:
S(1)λA˜(kq¯, kq, k1, . . . , kn) = i
ε+µ (ks; rs)ksν√
2
[(
Lµνq¯
kq¯ · ks −
Lµνq
kq · ks
)
A˜(kq¯, kq, k1, . . . , kn)
]
. (3.34)
proof.
A˜ consists of gluon polarisation and momenta, of quark and antiquark momenta, and of γ matrices,
and it can be expressed in terms of spinor chains.
Since tree-level amplitudes are rational functions of spinor products, we can focus on the action
of the operators S(1)λ and −igε+µ (ks; rs)ks ν
[
Lµνq¯ /(kq¯ · ks)− Lµνq /(kq · ks)
]
/
√
2 onto each ingredient
separately.
The next-to-leading soft operator gives non-trivial result when acting on spinor products involving
q, as
S(1)λ [•, q¯] = − 1〈s, q¯〉 [•, s] , S
(1)λ 1
[p, q¯]
= +
1
[p, q¯]
[p, s]
〈s, q¯〉 [p, q¯] . (3.35)
On the other hand, the operator from gauge invariance acts on terms depending on the antiquark
momentum, like
− i ε
+
µ (ks; rs) ks ν√
2
(
Lµνq¯
kq¯ · ks −
Lµνq
kq · ks
)
kρq¯ = +
1
〈s, q¯〉
〈q¯|γρ|s]
2
, (3.36)
− i ε
+
µ (ks; rs) ks ν√
2
(
Lµνq¯
kq¯ · ks −
Lµνq
kq · ks
)
1
p · kq¯ = −
1
p · kq¯
[p, s]
〈s, q¯〉 [p, q¯] . (3.37)
The coefficients are identical up to an overall minus sign.
The same conclusion can be drawn from comparing the action of the subleading soft operators on
the variables associated to quarks,
S(1)λ [•, q] = + 1〈s, q〉 [•, s], S
(1)λ 1
[p, q]
= − 1
[p, q]
[p, s]
〈s, q〉 [p, q] , (3.38)
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and
− i ε
+
µ (ks; rs) ks ν√
2
(
Lµνq¯
kq¯ · ks −
Lµνq
kq · ks
)
kρq = −
1
〈s, q〉
〈q|γρ|s]
2
, (3.39)
− i ε
+
µ (ks; rs) ks ν√
2
(
Lµνq¯
kq¯ · ks −
Lµνq
kq · ks
)
1
p · kq = +
1
p · kq
[p, s]
〈s, q〉 [p, q] . (3.40)
This complete the proof that the (leading and sub-leading) soft operators derived from BCFW recur-
rence and gauge invariance are indeed equivalent (up to an overall minus sign).
3.4 Examples
We consider an amplitude with one quark-antiquark pair and gluons, and a plus-helicity photon emitted
from the fermion line.
3.4.1 MHV and MHV amplitudes
• The MHV amplitude is
An+3(Λ
+
q¯ , γ
+
s ,Λ
−
q , g
+
1 , · · · , g−I , · · · , g+n ) =
i 〈q, I〉3 〈q¯, I〉
〈q¯, s〉 〈s, q〉 · · · 〈n, q¯〉 . (3.41)
By taking the holomorphic soft limit |s〉 → ǫ|s〉, one gets,
An+3(Λ
+
q¯ , γ
+
s ,Λ
−
q , g
+
1 , · · · , g−I , · · · , g+n )
∣∣∣∣
|s〉→ǫ|s〉
=
1
ǫ2
〈q¯, q〉
〈q¯, s〉 〈s, q〉 ×
i 〈q, I〉3 〈q¯, I〉
〈q¯, q〉 〈1, 2〉 · · · 〈n, q¯〉 . (3.42)
On the other hand, the action of the operators S(0)λ and S(1)λ on the lower-point, non-radiative
amplitude, A(Λ+q¯ ,Λ
−
q , g
+
1 , · · · , g−I , · · · , g+n ) reads,(
1
ǫ2
S(0)λ +
1
ǫ
S(1)λ
)
An+2(Λ
+
q¯ ,Λ
−
q , g
+
1 , · · · , g−I , · · · , g+n ) =
1
ǫ2
〈q¯, q〉
〈q¯, s〉 〈s, q〉 ×
i 〈q, I〉3 〈q¯, I〉
〈q¯, q〉 〈1, 2〉 · · · 〈n, q¯〉 .
(3.43)
The two results are identical, and in particular, for the MHV amplitude, no next-to-soft contribution
arises, because S(1)λAn+2(Λ
+
q¯ ,Λ
−
q , g
+
1 , · · · , g−I , · · · , g+n ) = 0.
• The case of the MHV amplitude is trivial, because, since the amplitude has an anti-holomorphic
expression,
An+3(Λ
+
q¯ , γ
+
s ,Λ
−
q , g
−
1 , · · · , · · · , g−n ) =
i [q¯, s]3 [q, s]
[q¯, s] [s, q] [q, 1] [1, 2] · · · [n, q¯] , (3.44)
the holomorphic soft limit |s〉 → ǫ|s〉 has no effect. At the same time, the soft operators S(0)λ and S(1)λ
should act on a vanishing amplitude, because the lower amplitude An+2(Λ
+
q¯ ,Λ
−
q , g
−
1 , · · · , · · · , g−n ) = 0.
– 12 –
3.4.2 NMHV 6–point amplitudes
The first non-trivial soft-behaviour can be found when considering NMHV helicity configurations of 6-point
amplitudes. Let us consider the amplitude A6
(
γ+s , 1
−
q , 2
−
g , 3
−
g , 4
+
g , 5
+
q¯
) ≡ A6 (s+, 1−q , 2−, 3−, 4+, 5+q¯ ), built
from BCFW recursion,
A6
(
s+, 1−q , 2
−, 3−, 4+, 5+q¯
)
=
i 〈35〉 〈3 |4 + 5| s]2
P 2s12 〈34〉 〈45〉 〈5 |s+ 1| 2] [12]
+
i 〈1 |s+ 5| 4]2 〈5 |s+ 1| 4]
P 2s15 〈s1〉 〈s5〉 〈5 |s+ 1| 2] [32] [43]
, (3.45)
with Pij = ki + kj and Pijl = ki + kj + kl. We construct the soft limit, first by rescaling |s〉 → ǫ|s〉,
A6
(
s+, 1−q , 2
−, 3−, 4+, 5+q¯
) |s〉→ǫ|s〉
=
= − i
ǫ〈5|s|2] + 〈5|1|2]
(
(ǫ〈5|s|4] + 〈5|1|4])(ǫ〈1|s|4] + 〈1|5|4])2
ǫ2[3|2][4|3]〈s|1〉〈s|5〉 (ǫ(P 21s + P 25s) + P 215) + 〈3|5〉〈3|4 + 5|s]
2
[2|1]〈3|4〉〈4|5〉 (ǫ(P 21s + P 22s) + P 212)
)
,
(3.46)
and then, by expanding around ǫ→ 0,
A6
(
s+, 1−q , 2
−, 3−, 4+, 5+q¯
) ǫ→0
=
a−2
ǫ2
+
a−1
ǫ
+O(1) , (3.47)
with
a−2 = − i[4|1][5|4]
2〈1|5〉
[2|1][3|2][4|3][5|1]〈s|1〉〈s|5〉 , (3.48)
a−1 =
1
〈s|1〉
(
− i[5|4]
2[4|s]
[2|1][3|2][4|3][5|1] +
i[4|1][5|4]2 [2|s]
[2|1]2[3|2][4|3][5|1] +
i[4|1][5|4]2 [5|s]
[2|1][3|2][4|3][5|1]2
)
+
1
〈s|5〉
(
− i[5|4][4|1]
2 [5|s]
[2|1][3|2][4|3][5|1]2 −
i[5|4][4|1][4|s]
[2|1][3|2][4|3][5|1]
)
. (3.49)
Alternatively, the soft expansion can be obtained through the action of differential soft operators on
the non-radiative 5-point amplitude, according to,
a−2 = S(0)λA5(1−q , 2
−, 3−, 4+, 5+q¯ ) , (3.50)
a−1 = S(1)λA5(1−q , 2
−, 3−, 4+, 5+q¯ ) , (3.51)
where, the operators S(0)λ and S(1)λ, respectively defined in (3.7) and (3.8), read
S(0)λ =
〈1|5〉
〈s|1〉〈s|5〉 , (3.52)
S(1)λ =
1
〈s|1〉 λ˜
a˙
s
∂
∂λ˜a˙1
− 1〈s|5〉 λ˜
a˙
s
∂
∂λ˜a˙5
, (3.53)
while the 5-point quark-gluon amplitude is,
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
i[1|4][5|4]3
[1|2][2|3][3|4][4|5][5|1] . (3.54)
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In this case the leading soft singularity is,
a−2 =
〈1|5〉
〈s|1〉〈s|5〉A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
= − i[4|1][5|4]
2〈1|5〉
[2|1][3|2][4|3][5|1]〈s|1〉〈s|5〉 (3.55)
in full agreement with the result of (3.48).
To compute the next-to-leading soft term, we combine the derivatives,
1
〈s|1〉 λ˜
a˙
s
∂
∂λ˜a˙1
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
= − 1〈s|1〉
(
[4|2][1|s]
[2|1][4|1] +
[5|s]
[5|1]
)
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
1
〈s|1〉
(
i[4|2][5|4]2 [1|s]
[2|1]2[3|2][4|3][5|1] +
i[4|1][5|4]2 [5|s]
[2|1][3|2][4|3][5|1]2
)
, (3.56)
and
− 1〈s|5〉 λ˜
a˙
s
∂
∂λ˜a˙5
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
1
〈s|5〉
(
[4|s]
[5|4] +
[4|1][5|s]
[5|1][5|4]
)
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
1
〈s|5〉
(
− i[5|4][4|1]
2 [5|s]
[2|1][3|2][4|3][5|1]2 −
i[5|4][4|1][4|s]
[2|1][3|2][4|3][5|1]
)
, (3.57)
yielding,
a−1 =
1
〈s|1〉
(
i[4|2][5|4]2 [1|s]
[2|1]2[3|2][4|3][5|1] +
i[4|1][5|4]2 [5|s]
[2|1][3|2][4|3][5|1]2
)
+
1
〈s|5〉
(
− i[5|4][4|1]
2 [5|s]
[2|1][3|2][4|3][5|1]2 −
i[5|4][4|1][4|s]
[2|1][3|2][4|3][5|1]
)
.
(3.58)
After applying the Schouten relation, the result in (3.49) becomes identical to (3.58).
The agreement between the direct soft-limit expansion and the application of the soft operators
can be analogously verified for the other NMHV helicity configurations, A6
(
s+, 1−q , 2+, 3−, 4−, 5
+
q¯
)
and
A6
(
s+, 1−q , 2−, 3+, 4−, 5
+
q¯
)
.
4 Soft-limit of quark-gluon amplitudes
In this section, we discuss the low-energy behaviour of soft-gluon radiation from quark-gluon tree-level
amplitudes. Depending on the position of the soft-gluon gs within the colour-ordered amplitude, we may
have three situations [18],
An+3 (Λq; g1, · · · , gn, gs; Λq¯) , (4.1)
An+3 (Λq; gs, g1, · · · , gn; Λq¯) , (4.2)
An+3 (Λq; g1, · · · , gm, gs, gm+1, · · · , gn; Λq¯) . (4.3)
The first two cases can be considered specular to each other, since they describe the soft-gluon adjacent
to one fermion and one gluon, while the third case represents the soft-gluon adjacent to two gluons.
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Therefore, we will consider as independent only the first and the third configurations, which are discussed
in the followings. For both cases, by making use of the results in sections 2 and 3, we will establish the
equivalence of the soft operators derived via gauge invariance and on-shell recurrence, representing the
main result of this work.
n
s
q¯
(a)
γs
q
n
(b)
q¯
γs
q
(c)
Figure 3. Soft-gluon behaviour of quark-gluon amplitudes: case 1
4.1 Case 1: soft-gluon adjacent to the anti-quark and one gluon
The colour-ordered amplitude An+3 (Λq; g1, · · · , gn, gs; Λq¯) describes the soft-gluon emitted from the exter-
nal anti-quark q or from the external gluon gn or from internal gluon lines between gn and q, and receives
contributions from three types of diagrams, as shown in fig. 3.
Following the procedure presented in sec. 3, from on-shell recursion relation, we can derive the soft
behaviour,
An+3 (Λq; g1, · · · , gn, gs; Λq¯) =
(
1
ǫ2
S
(0)λ
QCD +
1
ǫ
S
(1)λ
QCD
)
An+2 (Λq; g1, · · · , gn; Λq¯) +O(1) , (4.4)
with
S
(0)λ
QCD =
〈n, q¯〉
〈q¯, s〉 〈s, n〉 , (4.5)
S
(1)λ
QCD =
1
〈s, q¯〉 λ˜
a˙
s
∂
∂λ˜a˙q¯
− 1〈s, n〉 λ˜
a˙
s
∂
∂λ˜a˙n
, (4.6)
and where An+2 is the non-radiative quark-gluon amplitude.
Gauge invariance, on the other side, requires the amplitude to have the following expression,
An+3(kq; k1, . . . , kn, ks; kq¯) =
(
ε+(ks; rs) · kq¯√
2kq¯ · ks
− ε
+(ks; rs) · kn√
2kn · ks
)
An+2(kq; k1, . . . , kn; kq¯)
+
i ε+µ (ks; rs) ksν√
2kq · ks
JµνGn
[
u(kq) A˜(kq; k1, . . . , kn; kq¯)v(kq¯)
]
+
i ε+µ (ks; rs) ksν√
2kq¯ · ks
u(kq)A˜(kq; k1, . . . , kn; kq¯)Σ
µν
F v(kq¯)
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− i ε
+
µ (ks; rs) ks ν√
2
u(kq)
[
Lµνq¯
kq¯ · ks A˜(kq; k1, . . . , kn; kq¯)
]
v(kq¯) (4.7)
with the non-radiative amplitude being An+2(ks; kq¯, kq, k1, . . . , kn) = u(kq)A˜(kq¯, kq, k1, . . . , kn)v(kq¯). In
the above expression, JµνGn is the total angular momentum for gluon gn, defined in (2.9), while L
µν
q¯ and Σ
µν
F
are respectively the orbital and spin angular momenta of anti-quark q, given in (3.16).
The equivalence of the two derivation can be established as follows.
A. The leading soft singularity
The leading soft term coming from S
(0)λ
QCD in (4.5) and
(
ε+(ks;rs)·kq¯√
2kq¯·ks −
ε+(ks;rs)·kn√
2kn·ks
)
in (4.7) agree with
each other, once both are expressed in spinor variables, exactly as in (3.20).
B. The next-to-leading soft singularity
The expression (4.7), obtained from gauge invariance, contains two contributions:
1. the operator
i ε+µ (ks;rs) ksν√
2kq·ks J
µν
Gn, related to gluon gn comes from fig. 3 (a) and (c). This term is
equivalent to − 1〈s,n〉 λ˜a˙s ∂∂λ˜a˙n of S
(1)λ
QCD defined in (4.6). The proof comes from the equivalence in
pure-gluon cases [7], whose result we recall in sec. 2, eqs. (2.10)-(2.13).
2. the operators − i ε
+
µ (ks;rs) ks ν√
2kq¯·ks L
µν
q¯ and
i ε+µ (ks;rs) ksν√
2kq¯·ks Σ
µν
F related to anti-quark q come from fig. 3 (b)
and (c) According to discussions in sec 3.3, eqs.(3.26)-(3.28) and (3.35)-(3.37), the combination
of these two terms is equivalent to 1〈s,q¯〉 λ˜
a˙
s
∂
∂λ˜a˙q¯
in S
(1)λ
QCD of (4.6).
Therefore we can consider the soft behaviour of (4.6) equivalent to (4.7).
4.2 Case 2: soft-gluon adjacent to two gluons
In the colour-ordered amplitude An+3 (Λq; g1, · · · , gm, gs, gm+1, · · · , gn; Λq¯), the soft-gluon gs can be emit-
ted from either external gluons, or internal gluon lines between, or internal fermion line, as shown in
fig. 4.
m+ 1
s
m
(a)
s
m
m+ 1
(b)
m+ 1
s
m
(c)
m+ 1
s
m
(d)
Figure 4. Soft-gluon behaviour of quark-gluon amplitudes: case 2
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The proof of the equivalence between the derivation from the on-shell formalisms and from gauge-
invariance is identical to one of the pure-gluon case [7]. The only difference being that, in the considered
case, the term fixed by gauge invariance, called N in [7] and coming from fig. 1 (c) (see also sec. 3.2 and
fig. 2 (c), for photon emission), receives now contributions from two pieces, corresponding to fig. 4 (c) and
(d).
4.3 Examples
4.3.1 A6
(
1−q , 2−g , 3−g , 4+g , s+g , 5
+
q¯
)
We derive the soft behaviour for a colour-ordered six-point NMHV amplitude corresponding to the case in
sec. 4.1. Let us consider A6
(
1−q , 2−g , 3−g , 4+g , s+g , 5
+
q¯
) ≡ A6 (1−q , 2−, 3−, 4+, s+, 5+q¯ ), where the amplitude is
written in [22],
A6
(
1−q , 2
−, 3−, 4+, s+, 5+q¯
)
= − i〈5|2 + 3|4]〈1|2 + 3|4]
2
P 2234[3|2][4|3]〈1|5〉〈s|3 + 4|2]〈s|5〉
− i〈3|s + 4|1]〈3|s + 4|5]
2
P 2s34[2|1][5|1]〈3|4〉〈s|3 + 4|2]〈s|4〉
.
(4.8)
We first construct the soft limit by rescaling |s〉 → ǫ |s〉
A6
(
1−q , 2
−, 3−, 4+, s+, 5+q¯
) |s〉→ǫ|s〉
=
=
i
ǫ2〈s|3 + 4|2]
(
(ǫ〈1|s|4] + 〈1|5|4])2(ǫ〈5|s|4] + 〈5|1|4])
[3|2][4|3]〈1|5〉〈s|5〉 (ǫ〈s|1 + 5|s] + P 215) − (ǫ〈3|s|1] + 〈3|4|1])(ǫ〈3|s|5] + 〈3|4|5])
2
[2|1][5|1]〈3|4〉〈s|4〉 (ǫ〈s|3 + 4|s] + P 234)
)
,
(4.9)
and then by expanding around ǫ→ 0
A6
(
1−q , 2
−, 3−, 4+, s+, 5+q¯
)
=
a−2
ǫ2
+
a−1
ǫ
+O (1) , (4.10)
with
a−2 = − i[5|4]
2〈3|4|1]
[2|1][5|1]〈s|3 + 4|2]〈s|4|3] −
i[4|5|1|4][5|4]
[3|2][4|3]〈s|3 + 4|2]〈s|5|1] , (4.11)
a−1 = − i[5|4]
2〈3|s|1]
[2|1][5|1]〈s|3 + 4|2]〈s|4|3] +
i[5|4]2[4|s]
[3|2][4|3][5|1]〈s|3 + 4|2] +
i[4|1][5|4]2〈s|3|s]
[2|1][4|3][5|1]〈s|3 + 4|2]〈s|4|3]
− i[4|1][5|4]
2〈s|1|s]
[3|2][4|3][5|1]〈s|3 + 4|2]〈s|5|1] +
i[4|1][5|4]2 [4|s]
[2|1][4|3]2 [5|1]〈s|3 + 4|2] −
i[4|1][5|4]2 [5|s]
[3|2][4|3][5|1]2〈s|3 + 4|2]
+
2i[5|4][4|1|s|4]
[3|2][4|3]〈s|3 + 4|2]〈s|5|1] +
2i[4|1][5|4]〈3|s|5]
[2|1][5|1]〈s|3 + 4|2]〈s|4|3] . (4.12)
As was done in the previous example, soft expansion is obtained by the action of differential soft
operators on the non-radiative 5-point amplitude as
a−2 = S(0)λA5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
, (4.13)
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a−1 = S(1)λA5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
, (4.14)
where operators S(0)λ and S(1)λ read
S(0)λ =
〈4|5〉
〈s|4〉〈s|5〉 , (4.15)
S(1)λ =
1
〈s|5〉 λ˜
a˙
s
∂
∂λ˜a˙5
− 1〈s|4〉 λ˜
a˙
s
∂
∂λ˜a˙4
. (4.16)
The leading soft singularity is
a−2 =
〈4|5〉
〈s|4〉〈s|5〉A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
i[4|1][5|4]2〈4|5〉
[2|1][3|2][4|3][5|1]〈s|4〉〈s|5〉 , (4.17)
and to compute the next-to-leading order soft term, we combine the derivatives
1
〈s|5〉 λ˜
a˙
s
∂
∂λ˜a˙5
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
1
〈s|5〉
(
[4|1][5|s]
[5|1][5|4] −
[4|s]
[5|4]
)
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
1
〈s|5〉
(
i[4|1][5|4][4|s]
[2|1][3|2][4|3][5|1] −
i[4|1]2[5|4][5|s]
[2|1][3|2][4|3][5|1]2
)
, (4.18)
and
− 1〈s|4〉 λ˜
a˙
s
∂
∂λ˜a˙4
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
= − 1〈s|4〉
(
[1|s]
[1|4] −
[3|s]
[3|4] +
2[5|s]
[5|4]
)
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
1
〈s|4〉
(
− i[5|4]
2[1|s]
[2|1][3|2][4|3][5|1] +
i[4|1][5|4]2 [3|s]
[2|1][3|2][4|3]2 [5|1] +
2i[4|1][5|4][5|s]
[2|1][3|2][4|3][5|1]
)
(4.19)
yielding
a−1 =
1
〈s|5〉
(
i[4|1][5|4][4|s]
[2|1][3|2][4|3][5|1] −
i[4|1]2[5|4][5|s]
[2|1][3|2][4|3][5|1]2
)
+
1
〈s|4〉
(
− i[5|4]
2[1|s]
[2|1][3|2][4|3][5|1] +
i[4|1][5|4]2 [3|s]
[2|1][3|2][4|3]2 [5|1] +
2i[4|1][5|4][5|s]
[2|1][3|2][4|3][5|1]
)
. (4.20)
Eqs. (4.11) and (4.12) agree numerically with (4.17) and (4.20) respectively.
4.3.2 A6
(
1−q , 2−g , 3−g , s+g , 4+g , 5
+
q¯
)
We derive the soft behaviour for a color ordered six-point NMHV amplitude corresponding to the case in
sec. 4.2. Let us consider A6
(
1−q , 2−g , 3−g , s+g , 4+g , 5
+
q¯
) ≡ A6 (1−q , 2−, 3−, s+, 4+, 5+q¯ ), where the amplitude is
written in [22],
A6
(
1−q , 2
−, 3−, s+, 4+, 5+q¯
)
=
i〈1|2 + 3|s]2〈5|2 + 3|s]
P 2s23[3|2]〈1|5〉〈4|5〉[3|s]〈4|s + 3|2]
− i〈3|s + 4|1]〈3|s + 4|5]
2
P 2s34[2|1][5|1]〈4|s + 3|2]〈s|3〉〈s|4〉
.
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We first construct the soft limit by rescaling |s〉 → ǫ |s〉
A6
(
1−q , 2
−, 3−, s+, 4+, 5+q¯
) |s〉→ǫ|s〉
=
=
i
ǫ〈4|s|2] + 〈4|3|2]
(
〈1|2 + 3|s]2〈5|2 + 3|s]
[3|2]〈1|5〉〈4|5〉[3|s] (ǫ〈s|2 + 3|s] + P 223) − (ǫ〈3|s|1] + 〈3|4|1])(ǫ〈3|s|5] + 〈3|4|5])
2
ǫ2[2|1][5|1]〈s|3〉〈s|4〉 (ǫ〈s|3 + 4|s] + P 234)
)
,
(4.21)
and then by expanding around ǫ→ 0
A6
(
1−q , 2
−, 3−, s+, 4+, 5+q¯
)
=
a−2
ǫ2
+
a−1
ǫ
+O (1) (4.22)
with
a−2 =
i[4|1][5|4]2〈3|4〉
[2|1][3|2][4|3][5|1]〈s|3〉〈s|4〉 , (4.23)
a−1 =
1
〈s|3〉
(
i[4|1][5|4]2 [2|s]
[2|1][3|2]2 [4|3][5|1] −
i[4|1][5|4]2 [4|s]
[2|1][3|2][4|3]2 [5|1]
)
+
1
〈s|4〉
(
i[5|4]2[1|s]
[2|1][3|2][4|3][5|1] −
i[4|1][5|4]2 [3|s]
[2|1][3|2][4|3]2 [5|1] −
2i[4|1][5|4][5|s]
[2|1][3|2][4|3][5|1]
)
. (4.24)
The soft expansion is obtained by the action of differential soft operators on the non-radiative 5-point
amplitude as
a−2 = S(0)λA5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
, (4.25)
a−1 = S(1)λA5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
, (4.26)
where operators S(0)λ and S(1)λ read
S(0)λ =
〈4|3〉
〈s|4〉〈s|3〉 , (4.27)
S(1)λ =
1
〈s|4〉 λ˜
a˙
s
∂
∂λ˜a˙4
− 1〈s|3〉 λ˜
a˙
s
∂
∂λ˜a˙3
. (4.28)
The leading soft singularity is
a−2 =
〈3|4〉
〈s|4〉〈3|s〉A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
i[4|1][5|4]2〈4|5〉
[2|1][3|2][4|3][5|1]〈s|4〉〈s|5〉 , (4.29)
which agrees with the result of (4.23).
For the next-to-leading order soft term, we compute the derivatives
1
〈s|4〉 λ˜
a˙
s
∂
∂λ˜a˙4
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
1
〈s|4〉
(
[1|s]
[1|4] −
[3|s]
[3|4] +
2[5|s]
[5|4]
)
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
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=
1
〈s|4〉
(
i[5|4]2[1|s]
[2|1][3|2][4|3][5|1] −
i[4|1][5|4]2 [3|s]
[2|1][3|2][4|3]2 [5|1] −
2i[4|1][5|4][5|s]
[2|1][3|2][4|3][5|1]
)
(4.30)
− 1〈s|3〉 λ˜
a˙
s
∂
∂λ˜a˙3
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
= − 1〈s|3〉
(
− [2|s]
[2|3] −
[4|s]
[4|3]
)
A5
(
1−q , 2
−, 3−, 4+, 5+q¯
)
=
1
〈s|3〉
(
i[4|1][5|4]2 [2|s]
[2|1][3|2]2[4|3][5|1] −
i[4|1][5|4]2 [4|s]
[2|1][3|2][4|3]2 [5|1]
)
(4.31)
yielding
a−1 =
1
〈s|3〉
(
i[4|1][5|4]2 [2|s]
[2|1][3|2]2 [4|3][5|1] −
i[4|1][5|4]2 [4|s]
[2|1][3|2][4|3]2 [5|1]
)
+
1
〈s|4〉
(
i[5|4]2[1|s]
[2|1][3|2][4|3][5|1] −
i[4|1][5|4]2 [3|s]
[2|1][3|2][4|3]2 [5|1] −
2i[4|1][5|4][5|s]
[2|1][3|2][4|3][5|1]
)
(4.32)
in full agreement with (4.24).
5 Conclusion
We have shown that the low-energy behaviour of radiative tree-level amplitudes in QCD, when the mo-
mentum of the emitted particle becomes soft, is governed by the non-radiative process and depends on the
quantum data of the emitter. The low-energy expansion is captured by universal operators, whose form is
dictated by gauge invariance. While the well known leading soft term is expressed as an eikonal factor, the
subleading soft term depends on the total angular momentum of the emitter. We have shown that, within
the spinor formalism, remarkably, the subleading soft operator of single-gluon emission from quark-gluon
amplitudes appears as a differential operator whose form does not depend on the spin of the emitter. Our
result, derived from gauge invariance and on-shell recursive construction, is, therefore, in line with the
results recently derived for pure gluon- and graviton-scattering.
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A Low-energy regular terms
By following similar arguments in [3], we can show that the third term in (3.3) is regular in the soft limit.
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The terms contributing to the regular part of the soft expansions in (3.3) come from poles of An+1(z)/z
located at solutions of
(ks(z) + kq + kq¯ + ka1 + · · ·+ kam)2 = 0 (A.1)
with m ≥ 0 (m = 0 means no non-soft gluon on the same side of soft-gluon). Denote Qqq¯m = kq + kq¯ +
ka1 + · · ·+ kam . The solution to (A.1) is
z∗ = −(ks +Qqq¯m)
2
2p ·Qqq¯m (A.2)
With p = |n〉|n] and p · ks = 0. The terms contributing to non-3 point structures are∑
hI=±1
AL
(
Λq¯, γ̂
+
s ,Λq, g1, . . . , gm, Î
) 1
(ks +Qqq¯m)2
AR
(
−Î , gm+1, . . . , ĝn
)
(A.3)
While taking limit |s〉 → 0, one can treat z∗ value as
z∗ = − Q
2
qq¯m
2p ·Qqq¯m kI = Qqq¯m −
Q2qq¯m
2p ·Qqq¯mp (A.4)
kI is the projection of Qm along the null direction defined by p and null as well.
The left amplitude in the limit |s〉 → 0 is
AL
(
Λq¯, γ̂
+
s ,Λq, g1, . . . , gm, Î
)
→ AL
(
Λq¯, z
∗p,Λq, g1, . . . , gm, Î
)
(A.5)
This amplitude with z∗p momenta in the soft limit contains no singularities, i.e., soft, collinear or multi-
particle singularities, thus is all finite. Since Qqq¯m 6= 0, which is not the case for singularity part in the
limit.
On the other hand, the right amplitude under the limit is
AR
(
−Î , gm+1, . . . , gn−1, ĝn
)
→ AR
(
−Î, gm+1, . . . , gn−1, kn(z∗)
)
(A.6)
with kn(z
∗) = kn − z∗p. The only possible dangerous term is remaining single gluon except gn, say
m+ 1 = n− 1 above. Then the right amplitude becomes
AR ({kI ,−hI}, {kn−1, hn−1}, {kn(z∗), hn}) (A.7)
From momentum conservation ks + Qqq¯m + kn−1 + kn, we have Qqq¯m = −ks − kn−1 − kn and moreover,
under the limit ks → 0, we get Qqq¯m = −kn−1 − kn. In this case, we can do the computation from the
deformation in right amplitude
kI =
(
−|n− 1〉 − [s, n]
[s, n− 1] |n〉
)
|n− 1], (A.8)
kn(z
∗) =
[s, n]
[s, n− 1] |n〉|n − 1] (A.9)
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Notice all fermion lines are in the left amplitude, the right amplitude contains only pure-gluon interactions.
If the right amplitude includes two positive helicities and one negative helicity, it vanished directly; if the
right amplitude includes two negative herlicities and one positive helicity, the contribution is finite by
taking only the holomorphic component of the soft limit |s〉 → 0.
We can, therefore, conclude that singularities only appear in the first two terms of (3.3), as considered
in sec. 3.
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